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Calculus (Problem Set)

Srijan Chattopadhyay
July 21, 2025

. Xo, X1, € (0,1). Xpy1 =aX,+ (1 —a)X,,—1 Vn > 1. Prove that, {X,,} converges and find

the limit.

If f:R — R satisfies f(x +y) = f(z) + f(y) and f is monotonically increasing. Then, prove
that Ja such that f(z) = ax Vz € R.

Algorithm to Compute /o, > 0: Start with any z; > \/a. Define 2,41 = (2, + 2).
Show that {z,} is monotonically decreasing and hence find the limit of {x,, }.

Prove that for any prime p > 3, the number (2pp:11) — 1 is divisible by p2.

For sets A,B, let f : A — B and g : B — A be functions such that f(g(z)) = x for each x.
Prove that :

e f need not be one one

f must be onto
e ¢ must be one one
e ¢ need not to be onto.

T1Yn+2T2Yn—1++Tny1
n

Let 0 < a < 21 < 29 <b. Define z,, = \/Tp_1Tn_o for n > 3. Show that ¢ < z,, < b and
|Tnt1 — n| < ﬁ_bkzn — Tp—1]| for n > 2. Prove {z,,} is convergent.

Let ,, - = and y,, — y. Then, prove that

— Ty.

Let 0 < y1 < x1. Define 41 = % and Y11 = \/Tnyn, for n € N. Prove that:

e {y,} is increasing and bounded above while {z,} is decreasing and bounded below.
0 0 < Tpy1 — Yng1 <27 "™(x1 —y1) forn e N.

e Prove that z,, and y, converge to the same limit.

Euler’s Constant: Let
. illognil/ntldt
" k=1 k k=1 k 1

e Show that =, is a decreasing sequence.
e Show that 0 < v, <1 for all n.

e [im, exists and is denoted by . The real real number 7 is called the Euler’s constant.

oo oo m2n
Evaluate >0 "1 >, 1 swgramimay

Find the value of 3777, > Zzozoiﬁikﬁ, where the sum is taken over i, j, k such that no
two of them can be equal.

Let S,,n = 1,2,3,--- be the sum of infinite geometric series, whose first term is n and the
common ratio is ml-l' Evaluate

) 518 + 52501+ 535n—2+ -+ 5,51

limp oo

524554+ 52



13. ¢, = %, S, = 2221 t,. Find an explicit expression of S,.

14. Find the following limits (if exists):

(z—sin z)

o lim-~—2z

z—0

. T_1—
° llm(eiﬂ
x—0

° i%(%)l/m’a’ bc>0

o lim((z+a)(z+b)(z+c)/3—x

z—0

15. f: R — R satisfying |f(z) — f(y)] < Az — y| for all z,y € R for some A > 0. Prove that f is
continuous (This is called Lipschitz continuous).

16. Find all f : R — R satisfying |f(z) — f(y)] < Az — y)? for all z,y € R for some A > 0.
17. f(z) = zsin(1/z) if x # 0 and = 0 if z = 0. Prove that z is continuous.

18. Can you find minimum value of r such that if f(z) = 2" sin(1/z) if z # 0 and = 0 if = 0, then
f is at least once differentiable?

19.
[0, forzeq
f(x)—{ 1, forxz e Q¢ }
Q@ is the set of all rational numbers. Find all continuity points of f (This function is called

Dirichlet Function).

20. Can there exist any continuous f : R — R which is rational on irrational points and irrational
on rational points?

21. f:R — R and Ja € (0,1) such that |f(z) — f(y)| < a|z — y|. Prove that f has a unique fixed
point. (A point z is called a fixed point of f is f(z) = x).

22. f,g :[0,1] — [0,1] are continuous functions such that f(g(z)) = g(f(z)) for all + € R. Show
that Je € [0, 1] such that f(c) = g(c).

23. Suppose that a function f is continuous on the interval [a, b] and differentiable on (a,b). If the

graph of f is not a line segment, prove that there exists a point ¢ € (a,b) such that |f'(¢)| >
| f (bl)):(J: (a) |

24. Let f be a twice differentiable function on the open interval (—1, 1) such that f(0) = 1. Suppose
f also satisfies f(x) >0, f/(z) <0 and f”(x) < f(z), for all z > 0. Show that f/(0) > —/2.

25. Find the limit

. sintanzx — tansinx
lim - -
z—0 arcsin arctan x — arctan arcsin x

26. Calculate the 100th derivative of the function

2+ 1
3 —x

27. Let f : N — N be a bijection of the positive integers. Prove that at least one of the following
limits is true:

AR N1
li - =0 li S _ - )=
N —n+ f(n) % Ngnoongl (n f(n))

28. Let f : R — R be a differentiable function such that f’(z) > f(x) > 0 for all real numbers z.
Show that f(8) > 2024£(0).
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Evaluate
1/2 1/4 1/8 1/16

+ + + +oee

1+V2 1+V2 14V2 1+ Y2
Prove that for any function f : Q — Z, there exist a,b,¢c € Q such that a < b < ¢, f(b) > f(a)
and f(b) = f(c).

Define the sequence x1, x2, ... by the initial terms x1 = 2, x5 = 4, and the recurrence relation
27l
Tpao = 3Tpy1 — 22, + — for n> 1.
Tn

Prove that lim,, o 5% exists and satisfies

1—’_\/§< lim as

on
2 ~ n—oo 2N

<

N o

Let o1 = 2021, 22 — 2(w, + 1)1 + 2021 = 0 (n > 1). Prove that the sequence x,, converges.
Find the limit lim,, .o T,

Let f: R — R be a continuously differentiable function. Prove that

- | ' f()de

1
< = ! .
< 5 max, |f' ()]

Let 0 < a < 1. Find all functions f : R — R continuous at = 0 such that f(x) + f(az) =
z, Vo € R.

How many ordered pairs of real numbers (a, b) satisfy equality lim,_,o % = %?
For a given integer n > 1, let f : [0,1] — R be a non-decreasing function. Prove that

/01 f(z)dz < (n+1) /01 2" f(x)dx.

Forn=1,2,... let
Snzlog(n2 11~22-...-n”)—10g(\/ﬁ),

where log denotes the natural logarithm. Find lim,,_,~, Sy.

Let V' be the set of all continuous functions f: [0,1] — R, differentiable on (0,1), with the
property that f(0) = 0 and f(1) = 1. Determine all @ € R such that for every f € V, there
exists some ¢ € (0,1) such that

f&) +a=f1(&)

Let f: R — R be a function whose second derivative is continuous. Suppose that f and f” are
bounded. Show that f is also bounded.

Calculate the exact value of the series > -, log(n® + 1) — log(n® — 1) and provide justification.

1\?\ "
lim <<1+n)> )
n— 00 e

A real-valued function f defined in (a,b) is said to be convex if

fOz+ (1 =Ny) <Af(@)+ (1 =) f(y)

whenever a < x < b, a <y <b, 0 <A<1.

Find the limit

e Prove that every convex function is continuous.
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e Prove that every increasing convex function of a convex function is convex.

e If f is convex in (a,b) and if a < s < t < u < b, show that

F(t) = s)  Jw) = fs) _ fluw) = F(8)

t—s uU—Ss u—t

e Let f: (a,b) = R such that f exists on (a,b). Then f is convex iff f”(x) > 0Vz € (a,b).
f :[0,1] — R differentiable on (0,1), such that Ja,b € (O 1) such that [ f(z)dz = 0 and
fbl f(x)dz = 0. Also, |f'(z)] < M Vz € (0,1). Prove that |f0 x)dz| < w
o First prove that, |f0 x)dz| < M(l %) [Hint: Use MVT and a substitution to use Jo f(x)de =
0, Think how you can transform the interval (0,1) to (0,a)].

e Then, prove that | fo z)dz| < M MY [Hint: Again use MVT and a substitution to use
fb x)dz = 0, Think how you can transform the interval (0,1) to (b, 1)]

Show that there doesn’t exist any increasing differentiable function f : R — R™ such that

f(f(x)) = f'(=)

Determine all continuous functions f : [0,1] — R that satisfy fo z)(1 = f(z))de = 75

Let f(z fo |t — x|tdt Vx € R. Sketch the graph of f(z). What is the minimum value of f(z).

flz) = f;“ sin(u?)du, find lim f(z), if it exists.

T—> 00

The sequence {g,(z)} of polynomials is defined by
q(r) =1+, g¢r)=1+22

and for m > 1 by
Gm+1(T) = qam(z) + (m + 1)zgam—1(x),

G2m+2(T) = Gem41(2) + (M + 1)zg2m (2).
Let x, be the largest real solution of g,(x) = 0. Prove that

(a) the sequence {z,} is increasing.
(b) Tom42 > _%ﬂ for m > 1.

(¢) the sequence {x,} converges to 0.

Let the positive integers a, b, ¢ be such that a > b > c and (a® — b* — ¢®)(x —2) > 0 for all z # 2.
Show that a, b, c are sides of a right-angled triangle.

Let f:]0,1] — R be a differentiable function such that f’ is continuous and

(a) Show that there exists 1 in (0, 1) such that

1 p—
f'(@1)
(b) Show that there exist distinct x1, z2 in (0,1) such that
L
fr@) o f(@2)
(c¢) Show that for a positive integer n, there exist distinct x1, 2, ..., 2z, in (0,1) such that

"1
;f%x):
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—3/2 .
Define a sequence (a,) for n > 1 by a3 = 2 and a1 = a}l‘*‘" CIs limy, oo @y, < 007

Let P(x) = 219042029 4+1982% +ag72°" +. . .+a12+1 be a polynomial where the a; (1 <14 < 97)
are real numbers. Prove that the equation P(x) = 0 has at least one nonreal root.

Find lim,_, o ((Qx)Hi _pltE x)

Find 3777, (]ICcJ:gl :

A sequence (a,) is defined by ag = —1,a; = 0, and a, 11 = a2 — (n+1)2%a,_1 — 1 for all positive
integers n. Find aqqo.

Suppose that f:[—1,1] — R is continuous and satisfies

(/_11 e””f(x)dx)2 > (/_llf(x)dx> (/_11 e%f(x)dx) .

Prove that there exists a point ¢ € (—1,1) such that f(¢) = 0. [You can assume CS inequality
for integrals.]

Let f and g be two continuous, distinct functions from [0, 1] — (0, 400) such that

y flz)dz = [ g(a)da
Let

Yn = 01 f;:(lgg")”) dz, for n > 0, natural.

Prove that (y,,) is an increasing and divergent sequence.

Consider a function f : [0,1] — [0, 1] satisfying the following property |f(z) — f(y)| < |z — y|
for all z,y € X,z # y. Show that f has a fixed point. Is the fixed point unique? [Hint : Define
d(xz) = |x — f(x)|. Suppose inf, d(z) > € > 0. Assume Iz such that the infimum is attained.
(Can you prove this? You can skip if you can’t!). Then, use the property of f to arrive at a
contradiction.

Let f: R — R be a function given by
z2 ifreQ
flx) = .
50— 6 ifx¢ Q.
Find continuity points of f.

Show that the polynomial equation with real coefficients a, 2" +an_12" '+ - -+azx>+22+2+1 =
0 cannot have all real roots.

Assume that f: R — R is a continuous, one-to-one function. If there exists a positive integer n
such that f"(x) = z, for every « € R, then prove that either f(z) = z or f?(x) = z. (Note that

@) = ("1 (2)).)

Consider f(z) = %3 + ””2—2 + % + 1. Prove that f(x) is an integer whenever x is an integer.
Determine with justification, conditions on real numbers a, b, ¢ and d so that ax® + bx? + cx +d
is an integer for all integers x.

(a) Show that there does not exist a function f : (0,00) — (0, 00) such that

" (x) <0 for all x and f'(zg) < 0 for some z.

(b) Let k > 2 be any integer. Show that there does not exist an infinitely differentiable function
f:(0,00) = (0,00) such that

F® () <0 for all z and f*~V(z0) < 0 for some .

Here, f*) denotes the k' derivative of f.
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Let f : R — R be a function. Can you put appropriate conditions on f, so that f restricted to
(a,b),—00 < a < b < 0o can’t attain it’s maximum and minimum inside (a, b)?

Let a,b € Z and b > 0. Let f: [—1,1] — R be defined by

_ Jatsin(@t) ifz#£0
flo) = {o if 2= 0
Prove that

(a) f is continuous if and only if a > 0.

(b) f'(0) exists if and only if a > 1.

(c) f’is bounded if and only if @ > 1+ 0.
(d) f’is continuous if and only if a > 1+ b.

a

Let f:(0,1] — R be a differentiable function with f’ bounded on (0, 1]. Define

an=f<71l>, n > 1.

Show that {a,} is a convergent sequence.

Let f be a thrice differentiable function on (0, 1) such that f(x) > 0 for all € (0,1). If f(x) =0
for at least two values of z € (0,1), prove that f"/(c) =0 for some ¢ € (0,1).

Suppose that f : R — R is a continuous function and that f(z + 1) — f(x) converges to 0 as
x — 00. Then show that

@%0 as x — o0.

Let f be continuous, non-negative, and assume that

/Ooof(x)dx < 00.

Then show that

1 n
lim f/ xf(z)dx = 0.

n—oon Jq
Let f : [0,1] — R be a real-valued continuous function which is differentiable on (0, 1) and
satisfies f(0) = 0. Suppose that there exists a constant ¢ € (0, 1) such that

|f/(z)| < c|f(z)| for every z € (0,1).
Show that f(z) =0 for all z € [0, 1].

Suppose F': R — {0,1} is a function, i.e. F only takes two values 0 and 1. Suppose F' is non

decreasing, right continuous, and lim F(z) =1, lim F(z) = 0. Prove that there exists some
T—00 T——00

2 € R such that F(y) =1 for all real y > x, and F(y) = 0 for all real y < z.

Consider a container of the shape obtained by revolving a segment (From y = 0 to y = 5) of the
curve z = e5 around the y-axis. The container is initially empty. Water is poured at a constant
rate of mcm? into the container. Let h(t) be the height of water inside the container at time t.
Find h(t) as a function of t.
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Let f:[0,00) — R be differentiable and satisfy
f'(@) = =3f(x) + 6f(2)
for > 0. Assume that |f(z)| < e~V® for > 0. For n € N, define
o, z/ 2" f(x)dx.
0

3" pin
n!

a. Express p, in terms of pg. b. Prove that the sequence always converges, and the the

limit is 0 only if .
Suppose f: R — [0,00). For € > 0, definef. : R — [0, 00) by

fe(x) = ne when ne < f(z) < (n+1)e
Prove that f.(z) — f(z) for all z € R as e — 0.

Suppose f1, fo, -, fn are convex function from R to R. Prove that M (z) = max{fi(x),---, fo(z)}
is also convex. [A function is called convex if for all ,y € R and a € [0,1], f(az + (1 — a)y) <
af(x) + (1 —a)f(y)]. Can you say anything about the minimum function? 9 + 1

Assume that f : R — R is a continuous, one-one function. If there exists a positive integer n
such that f"(x) = x, for every z € R, then prove that either f(z) = x or f?(x) = . (Note that

fH@) = f(f" @)
Suppose f : R — [0, 00). Define the following functions for n € N
n if f(z)>n
Sn(x) = A . . .
277 if 27 < f(x) <27™(i+1),i=0,1,2,--- ,n.2" —1
Prove that s; < s9 < s3 <---. Also, prove that Vz, s,(x) = f(z) as n — co.

Define {z,, }nen as 2o = 1, and, 2,41 = In(e®** — x,,). Prove that ZZOZO T, converges, hence find
the value.

Let f : [a,b] — R be a differentiable function such that 0 < f’(z) <1 and f(a) = 0. Show that

b 3 b
3(/ f(@%) 2/a F@)® da.

Let I C R be an interval and f : I — R be a differentiable function. Let
J:{M:a,bel,a<b}
b—a
Show that
a) J is an interval.
b) J C f'(I) and f'(I) — J contains at most two elements.
1 2

. . . 3 11—z
Let f be a continuous function on [0, 1] such that for every z € [0, 1], we have [ f(t)dt > 155,

T

1
Show that [ f(t)%dt > %.
0

Let (2, )nen be the sequence defined as x,, = sin(2znle) for all n € N. Compute lim,,—, o0 Z,.
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Let f : R — R be a function which is differentiable at 0. Define another function g : R — R as

follows:
f(x)sin (1) ifz#0
0 if x =0.

Determine all the pairs of positive real numbers (a,b) with a < b such that the following series

o0

Z b{x}kdx = /ab{x}dzv + /ab{x}de T /ab{x}i"dz T

k=179

is convergent and determine its value in function of @ and b. {z} = x — |x| denotes the fractional
part of . Assume you can swap the integral and summation.

Determine all continuous functions f : R\ {1} — R that satisfy

fz) = (z + 1) f(a?),
for all z e R\ {-1,1}.

Let f:[0,1] — (0,00) be a continuous function satisfying fol f(t)dt = . Show that there exists
¢ € (0,1) such that [j f(t)dt =c— 3.

Determine all ordered pairs of real numbers (a,b) such that the line y = ax + b intersects the
curve y = In(1 + 2?) in exactly one point.

Let f : (a,b) — R is continuously differentiable, lim,_,,+ f(z) = oo, lim,_,;- f(z) = —co and
f'(z) + f2(x) > —1 for x € (a,b). Prove that b — a > 7 and give an example where b — a = 7.

Let f: R — R be a function whose second derivative is continuous. Suppose that f and f are
bounded. Show that f is also bounded.

Consider the sequence (a,)n>1 defined by a; = 1/2 and 2n - ap41 = (n + 1)a,. Determine the
general formula for a,,. Let b, = a1 +as+- - -+ a,. Prove that {b,} — {bn11} # {bns1} — {bns2}

If f:]0,00] = N is a right continuous function having left limits. Show that V¢t € [0, 00), the
set {y : f(z) = y,z € [0,t]} has a finite number of points, i.e., the range for each closed and
bounded interval starting from 0 has a finite number of points. [Hint: You can use the fact that
each bounded sequence has a convergent subsequence. |



